In this paper we will examine the occurrence of irregular prime powers of Bernoulli numbers. This will lead us to an extended definition of irregular pairs of higher order. Consequently an easy criterion will show whether irregular prime powers exist. Applications to p-adic zeta functions and Iwasawa theory will follow.
Introduction
The classical Bernoulli numbers B n (n = 0, 1, 2, . . .) are defined by the power series (2πi) n n! B n , n ∈ N , 2 | n (1.2) and using the functional equation of ζ(s) also on the negative x-axis more generally
The Riemann zeta function is defined by the usual sum or the Euler product
where the product runs over all primes p.
Let ϕ be the Euler ϕ-function, then the Kummer congruences state for n, m, p, r ∈ N, n, m even, p prime and p − 1 ∤ n
with n ≡ m (mod ϕ(p r )). All these basic results and following statements in this section can be found in [IR90, Chapter 15] .
In 1850 E. E. Kummer introduced the definition of regular and irregular primes for characterizing solutions of the famous Fermat's last theorem (FLT). An odd prime p is called regular if p does not divide the class number of the cyclotomic field Q(µ p ) with µ p as the set of p-th roots of unity, otherwise irregular. Then FLT has no solution with exponent p, where p is regular.
Kummer gave an equivalent definition concerning Bernoulli numbers: As a result, often attributed to J. C. Adams, see [IR90, Prop. 15 .2.4, p. 238], B n /n is a p-integer for all primes p with p − 1 ∤ n. Therefore, one has a trivial divisor of B n which is cancelled in B n /n p−1∤n p ord p n | B n .
(1.7)
Another easy consequence of the Kummer congruences provides that the numerator of B n /n respectively ζ(1 − n) consists only of irregular primes and that infinitely many irregular primes exist. For the latter see a short proof of Carlitz [Car54] , see also [IR90, Theorem 6, p. 241] . Unfortunately the more difficult question is still open whether infinitely many regular primes exist. However, calculations in [BCE + 01] show that about 60% of all primes less 12 million are regular which agree with an expected distribution proposed by Siegel [Sie64] .
The first values of B n and B n /n are given in Table A .1, irregular pairs in Table A .3. For abbreviation we will denote B(n) = B n /n for divided Bernoulli numbers. Throughout this paper all indices concerning Bernoulli numbers will be even and p an odd prime.
Preliminaries
The definition of irregular pairs can be extended to irregular prime powers which was first introduced by the author [Kel02, Section 2.5].
Definition 2.1 A pair (p, l) is called an irregular pair of order n if p n | B(l) with 2 ≤ l < ϕ(p n ) and even l. Let Ψ irr n := {(p, l) : p n | B(l), 2 ≤ l < ϕ(p n ), 2 | l} be the set of irregular pairs of order n. The index of irregular pairs of order n for a prime p is defined by i n (p) := #{(p, l) : (p, l) ∈ Ψ irr n } . Define map λ n : Ψ irr n+1 → Ψ irr n , (p, l) → (p, l (mod ϕ(p n ))) .
Remark 2.2
It is easy to see that this definition includes for n = 1 the older Definition 1.1 of irregular pairs. Therefore one has i 1 (p) = i(p). By Kummer congruences (1.5) the interval [2, ϕ(p n )) is given for irregular pairs of order n if they exist. Moreover we have the property that if (p, l) ∈ Ψ irr n then p n | B(l + νϕ(p n )) for all ν ∈ N 0 . Finally the map λ n is well defined by the properties mentioned above.
Definition 2.3 Let (p, l) ∈ Ψ irr n be an irregular pair of order n. Then define
with 0 ≤ ∆ (p,l) < p. In the case ∆ (p,l) = 0 we will denote ∆ (p,l) as singular. For an irregular prime p define
Then ∆(p) = 1 if and only if all ∆ (p,lν ) are not singular. Now, we need a generalized form of the Kummer congruences, see Carlitz [Car53] , which allows us to obtain most of the following results.
Theorem 2.4 (Carlitz) Let k, m, n, p, r, ω ∈ N, m even, p prime with p − 1 ∤ m and
Here we need a special version without Euler factors which shows p-adically the periodic behavior of divided Bernoulli numbers.
Proof. Since (p, l) ∈ Ψ irr n we have p n | B(l + jϕ(p n )) for all j ∈ N 0 . Hence, we can reduce congruence (2.1) to (mod p n(r−1) ) by adding factor p −n . To get rid of Euler factors, we have to limit the congruence by (mod p m−1 ) to the lowest bound.
Proposition 2.7 below shows how to find irregular pairs of higher order. Beginning from an irregular pair of order n, we can characterize irregular pairs of order n + 1 if they exist. First we have need for a lemma.
Lemma 2.6 Let (α ν ) ν≥0 be a sequence with α ν ∈ Z p for all ν ∈ N 0 . Let n ∈ N and p be an odd prime. If one has
then the sequence is equidistant (mod p n ). For α 0 ≡ α 1 (mod p) the elements α 0 up to
Proof. Rewriting congruence (2.3) to
it is easily seen by induction that all elements α ν are equidistant (mod p n ). Let δ ≡ α 1 − α 0 (mod p n ) then we have
In case of α 0 ≡ α 1 (mod p), we get δ ∈ (Z/p n Z) * and α 0 + δν resp. α ν runs through all residues (mod p n ) for 0 ≤ ν < p n . Then exactly one element α s exists with 0 ≡ α s ≡ α 0 + δs (mod p n ) for 0 ≤ s < p n and we finally obtain s ≡ −α 0 δ −1 (mod p n ).
Proposition 2.7 Let (p, l) ∈ Ψ irr n be an irregular pair of order n. Define sequence
then it satisfies Lemma 2.6. For ∆ (p,l) ≡ α 1 − α 0 (mod p) there exist three cases:
(1) If ∆ (p,l) = 0 and α 0 ≡ 0 (mod p), then there are no irregular pairs of order n + 1 and higher.
(2) If ∆ (p,l) = 0 and α 0 ≡ 0 (mod p), then all (p, l + ν ϕ(p n )) ∈ Ψ irr n+1 are irregular pairs of order n + 1 with ν = 0, . . . , p − 1. 
Proof. Using Theorem 2.5 with r = 2, ω = ϕ(p n ), and m = l + jϕ(p n ) ≥ 2, we get
This satisfies the property of Lemma 2.6. We obtain three cases:
Case (1): We have α 0 ≡ α 1 (mod p) and α 0 ≡ 0 (mod p). Thus, there are no irregular pairs of order n + 1 with relation to (p, l). Also there cannot exist irregular pairs of higher order r > n + 1. Because we would have (p, l ′ r ) ∈ Ψ irr r and we would inductively obtain (p, l ′ ν ) ∈ Ψ irr ν for all ν with r − 1 ≥ ν ≥ n by applying map λ ν . After all we would get (p,
We have α 0 ≡ α 1 (mod p). Then Lemma 2.6 provides exactly one element α s ≡ 0 (mod p) with the desired properties. Consequently (p, l + s ϕ(p n )) is the only irregular pair of order n + 1.
Remark 2.8 Vandiver [Van37] describes the result of the previous proposition for case n = 1 and only for the first irregular primes 37, 59, and 67. Also Pollaczek [Pol24] has calculated these indices s 2 related to the now called irregular pair of order two, but case p = 67 with s 2 = 2 is incorrect, see Table A .3. Johnson [Joh74] has determined all irregular pairs of order two below 8000. Wagstaff [Wag78] has raised calculations of irregular pairs, indices s 2 , and associated cyclotomic invariants up to p < 125 000, also proving that FLT has no solution in that range. Finally, Buhler, Crandall, Ernvall, Metsänkylä, and Shokrollahi [BCE + 01] have extended calculations of irregular pairs and associated cyclotomic invariants up to p < 12 000 000. For those irregular pairs ∆ (p,l) = 0 is always valid. Summarizing these calculations for p < 12 000 000, it ensures that for an irregular pair (p, l) exactly one irregular pair (p, l ′ ) of order two exists with i 2 (p) = i(p). One has to notice that always (p, l) = (p, l ′ ). So far, no irregular pair (p, l) has been found with p 2 | B(l).
Using Proposition 2.7 one can successively find irregular pairs of higher order. Now, we can easily extend the result starting from an irregular pair (p, l) ∈ Ψ irr n to obtain an irregular pair (p, l ′ ) ∈ Ψ irr 2n requiring l > n.
Proposition 2.9 Let (p, l) ∈ Ψ irr n be an irregular pair of order n. Suppose l > n. Define sequence (α j ) j≥0 with
If ∆ (p,l) = 0, then exactly one irregular pair of order 2n
exists with 0 ≤ s < p n and s ≡ −α 0 (α 1 − α 0 ) −1 (mod p n ). Correspondingly, there also exists exactly one irregular pair of order n + ν
Proof. Using Theorem 2.5 again with r = 2, ω = ϕ(p n ), and m = l + jϕ(p n ) > n, yields
If ∆ (p,l) = 0, then Lemma 2.6 provides exactly one element α s ≡ 0 (mod p n ) with 0 ≤ s < p n and s
is the only irregular pair of order 2n. Similarly, regarding the congruences above (mod p ν ) instead of (mod p n ) for ν = 1, . . . , n − 1 yields the proposed properties.
Finally, we start from an irregular pair (p, l) ∈ Ψ irr n to obtain an irregular pair (p, l ′ ) ∈ Ψ irr rn requiring l > (r − 1)n with r ≥ 2.
Proposition 2.10 Let (p, l) ∈ Ψ irr n be an irregular pair of order n. Let r > 1 be an integer and suppose l > (r − 1)n. Define sequence (α j ) j≥0 with
Then this sequence provides for all
The elements α 0 up to α r−1 induce the whole sequence (α j ) j≥0 . All elements with α s ≡ 0 (mod p (r−1)n ) and 0 ≤ s < p (r−1)n provide irregular pairs of order rn with (p, l + s ϕ(p n )) ∈ Ψ irr rn . If ∆ (p,l) = 0 and the elements α 0 up to α r−1 are equidistant (mod p (r−1)n ), then exactly one irregular pair of order rn
exists with 0 ≤ s < p (r−1)n and s ≡ −α 0 (α 1 − α 0 ) −1 (mod p (r−1)n ). Correspondingly, there exists one irregular pair of order n + k
Proof. Clearly, by Theorem 2.5 with r > 1, ω = ϕ(p n ), and m = l+jϕ(p n ) > (r−1)n, we have
This induces the whole sequence (α j ) j≥0 by
Running through all elements α s with 0 ≤ s < p (r−1)n , simply, an irregular pair of order rn is given by α s ≡ 0 (mod p (r−1)n ) with (p, l + s ϕ(p n )) ∈ Ψ irr rn . Now we will assume ∆ (p,l) = 0. Let the first elements α 0 up to α r−1 be equidistant (mod p (r−1)n ). Then this property transfers to the whole sequence. Let γ, δ ∈ Z p , it is easily seen that for r > 1
Consider γ = α 0 and δ = α 1 − α 0 ∈ Z * p by assumption. Combining (2.4) and (2.5) yields
which shows inductively that all successional elements are equidistant (mod p (r−1)n ). Since δ is invertible, exactly one solution exists with 0 ≡ α s ≡ α 0 + δs (mod p (r−1)n ) and s ≡ −α 0 (α 1 − α 0 ) −1 (mod p (r−1)n ). Using similar arguments, congruences (2.4) and (2.6) are also valid (mod p k ) for k = 1, . . . , (r − 1)n − 1 which provides a unique solution s k ≡ s (mod p k ) for each k.
In [Kel02, pp. 125-130] several examples and calculations are given which use the previous propositions. These results are reprinted in Table A .4 and following. It will turn out later that calculations can be further simplified. Because of rapidly growing of indices, it is useful to write indices of irregular pairs of higher order p-adically.
Definition 2.11 Let (p, l) ∈ Ψ irr n be an irregular pair of order n. Let
be the p-adic notation of (p, l) with 0 ≤ s ν < p for ν = 1, . . . , n and 2 ≤ s 1 ≤ p − 3, 2 | s 1 . The corresponding set will be denoted as Ψ irr n , the corresponding map to λ n is given by
The pair (p, l) and the element (p, s 1 , s 2 , . . . , s n ) will be called associated.
Remark 2.12
The definition of Ψ irr n is clearly. We have Ψ irr 1 = Ψ irr 1 . Let n ≥ 2 then we have an associated element (p, s 1 , s 2 , . . . , s n ) ∈ Ψ irr n for (p, l) ∈ Ψ irr n . This yields a unique p-adic representation ofŝ with
A zero in the sequence (s ν ) ν≥1 at index k ≥ 2 implies that an irregular pair (p, l k ) of order k exists with
Note that (p, s 1 , s 2 , . . . , s n ) is also called a pair with (s 1 , s 2 , . . . , s n ) as the second parameter in a p-adic manner.
Main results
Theorem 3.1 Let (p, l 1 ) ∈ Ψ irr 1 be an irregular pair. If ∆ (p,l 1 ) = 0 then for each n > 1 there exists exactly one irregular pair of order n corresponding to (p, l 1 ). Therefore, a unique sequence (l n ) n≥1 resp. (s n ) n≥1 exists with
Moreover one has
n be an irregular pair of order n with ∆ (p,ln) = 0. Then there are two cases:
There are no irregular pairs of order n + 1 and higher.
The property of ∆ (p,l) passes on to all irregular pairs of higher order. The case of a singular ∆ (p,l) implies a strange behavior without regularity. By calculation in [BCE + 01] up to p < 12 000 000, no such ∆ (p,l) was found. The following diagram illustrates both cases:
Here a vertical line indicates that (p, l n ) ∈ Ψ irr n ∩Ψ irr n+1 happens. On the left side we then have p irregular pairs of order n + 1 which are represented by branches. In this case the corresponding Bernoulli number B(l n ) decides whether there exist further branches or they stop. Instead of n the order of the p-power must be at least n+1. This also means that an associated pair (p, s 1 , . . . , s n+1 ) ∈ Ψ irr n+1 must have a zero s n+1 = 0 each time. In contrast to, the right side shows that in case of ∆ (p,l 1 ) = 0 only one irregular pair of each higher order exists. If ∆(p) = 1 then higher powers p ν are equally distributed among numerators of B(n). For each irregular pair considered, there exactly exists one index n k,ν with n k,ν = n 0,ν + kϕ(p ν ) in disjoint intervals
In [Kel02, pp. 128-130] irregular pairs of order 10 were calculated for all irregular primes p < 1000. These results are reprinted in These zeros can be viewed as exceptions. One has to examine in which regions those indices may occur. This could explain why no irregular pair (p, l) ∈ Ψ irr 1 ∩ Ψ irr 2 has been found yet, because these regions are beyond calculated regions. Here we have index 12 000 000 in [BCE + 01] against index 6 557 686 520 486. Because of rare occurrence of zeros one can assume that (p, l) ∈ Ψ irr 1 ∩ Ψ irr 2 resp. p 2 | B(l) will not often happen. Another phenomenon is the occurrence of huge irregular prime factors. In [Wag00] the numerators of Bernoulli numbers B n with index up to n = 152 were completely factored. Most of these irregular prime factors are large numbers, the greatest factors have 30 up to 100 digits.
Finally, summarizing all facts together, the property ∆(p) = 1 can be viewed as a structure property of Bernoulli numbers. This leads us to the following conjecture named by the author ∆-Conjecture. 
Assuming the ∆-Conjecture one can also prove the existence of infinitely many irregular primes using only information of the numerator of divided Bernoulli numbers, see [Kel02, Satz 2.8.2, p. 87]. Now we will give proofs of the theorems above.
n be an irregular pair of order n with ∆ (p,ln) = 0.
Then exactly one irregular pair
Proof. Let ∆ n = ∆ (p,ln) . Note that l n > 2 and p > 3. Define sequence (α j ) j≥0
Using Theorem 2.5 with r = 3, ω = ϕ(p n ), and m = l n + jϕ(p n ) > 2, we have with
Taking differences β j = α j+1 − α j yields
By Lemma 2.6 sequence (β j ) j≥0 is equidistant (mod p 2 ). Proposition 2.7 provides that sequence (α j ) j≥0 is equidistant (mod p) and by definition β j ≡ ∆ n (mod p). Therefore, we have an ansatz with γ, δ ∈ Z
and consequently
Then we have by Proposition 2.7
to obtain the unique irregular pair of ordner n + 1
As a consequence of Lemma 2.6
Thus, we obtain a sequence (α ′ j ) j≥0 defined by
to determine an irregular pair of order n + 2 using Proposition 2.7 again. By definition we have
. On the other side it follows by (3.1)
with some easy calculation
Finally, we obtain the proposed equation ∆ n+1 = ∆ n .
Proof of Theorem 3.1. Using Proposition 3.4 with induction on n provides
with exactly one irregular pair of order n
The latter pair is given by Definition 2.11. Proposition 2.7 shows for each step n
with a suitable integer s n . This ensures l 1 ≤ l 2 ≤ l 3 ≤ . . . as an increasing sequence (l j ) j≥1 . Clearly, this sequence is not eventually constant, because p n | B(l n ) with
Starting with (p, l 1 ) ∈ Ψ irr 1 this provides a unique sequence (l j ) j≥1 . If we have another irregular pair (p, l ′ 1 ) ∈ Ψ irr 1 with ∆ (p,l ′ 1 ) = 0 and (p, Proof of Theorem 3.2. Clearly, the (non-) existence of irregular pairs in case (1) resp. (2) is given by Proposition 2.7 case (1) resp. (2). Hence, we have only to show the remaining part of case (2). Thus, we have p irregular pairs (p, l n+1,ν ) = (p, l n + ν ϕ(p n )) ∈ Ψ irr n+1 of order n + 1 with ν = 0, . . . , p − 1. Although ∆ (p,ln) = 0 we can use Proposition 3.4 modifying essential steps. We then have
Congruence (3.2) must be exchanged by
because ∆ (p,ln) = 0 yields p values of s. Consequently, regarding all values of s separately provides
A p-adic view
Let Z p be the ring of p-adic integers and Q p be the field of p-adic numbers. The ultrametric absolute value | | p is usually defined by |x| p = p − ordp x . Let ψ n be the map with ψ n : Z p → Z/p n Z, where the image of ψ n is identified with residue classes lying
The relation to the Riemann zeta function via ζ(1 − n) = − B(n) yields an equivalent formulation. Let (p, l) ∈ Ψ irr 1 be an irregular pair, then we can also write
Theorem 4.1 Let (p, l) ∈ Ψ irr 1 be an irregular pair with ∆ (p,l) = 0. Then there exists a unique sequence (l n ) n≥1 with l 1 = l and for n ≥ 1
One has the p-adic convergence
Proof. We have to rewrite all results by ζ(1 − l n ) = − B(l n ). Theorem 3.1 provides a unique sequence (l n ) n≥1 with l 1 = l and (p, l n ) ∈ Ψ irr n with l n → ∞. This shows the p-adic convergence claimed above. Additionally, using Proposition 2.7 yields
for each step with
The rest follows by ψ n (a p n−1 ) = p n−1 ψ 1 (a) with a ∈ Z p .
This result can be applied to p-adic zeta functions, for detailed theory see Koblitz [Kob96, Chapter II] . Therefore, we have to introduce some definitions.
Definition 4.2 Let p be a prime with p ≥ 5. Let
For a fixed s 1 ∈ {2, 4, . . . , p − 3}, define the p-adic zeta function by
for p-adic integer s by taking any sequence (t ν ) ν≥1 of positive integers which p-adically converges to s, including case s = 0.
Remark 4.3 The p-adic zeta function ζ p, s 1 (s) interpolates the zeta function ζ p (1 − n) at positive integer values s by
with n ≡ s 1 (mod p − 1) and n = s 1 + (p − 1)s. Because of Kummer congruences
for n ≡ n ′ (mod ϕ(p r )) with n ≡ n ′ ≡ s 1 (mod p − 1), the p-adic zeta function ζ p, s 1 (s) is a unique continuous function on Z p by means of interpolating property. By construction of the p-adic zeta function, elements s ∈ Z p have to be identified as nonnegative integers via
Definition 4.4 Let (p, l) ∈ Ψ irr 1 be an irregular pair with ∆ (p,l) = 0. Then Theorem 3.1 provides a unique sequence (s ν ) ν≥1 with l = s 1 . Define a characteristic p-adic integer
which contains all information of irregular pairs of higher order corresponding to (p, l).
Lemma 4.5 Let (p, l) ∈ Ψ irr 1 be an irregular pair with ∆ (p,l) = 0. Let r = ord p B(l) and (p, s 1 , . . . , s r+1 ) ∈ Ψ irr r+1 be the corresponding irregular pair of order r + 1. Then
with s 1 = l, s ν = 0 for ν = 2, . . . , r, s r+1 = 0.
Proof. Since r = ord p B(l) ≥ 1, we have (p, l) ∈ Ψ irr ν for all ν = 1, . . . , r. Then Proposition 2.7 and Theorem 3.1 provide
with 0 ≤ s < p. Furthermore we have s = 0 by condition ord p (p −r B(l)) = 0. Let (p, s 1 , . . . , s r+1 ) ∈ Ψ irr r+1 be the corresponding irregular pair of order r + 1. Then we have s 1 = l, s r+1 = s = 0, and s ν = 0 for ν = 2, . . . , r. By definition χ (p,l) = s 2 + s 3 p + . . . + s r+1 p r−1 + . . . , case r = 1 yields s 2 = 0 and χ (p,l) ∈ Z * p , otherwise case r ≥ 2 provides ord p χ (p,l) = r −1 and χ (p,l) ∈ p r−1 Z p . Theorem 4.6 Let (p, l) ∈ Ψ irr 1 be an irregular pair with ∆ (p,l) = 0. Then the p-adic zeta function ζ p, l has a unique zero with ζ p, l χ (p, l) = 0.
Proof. As a result of Theorem 3.1, one has a unique sequence (l n ) n≥1 resp. (s n ) n≥1 with l = l 1 = s 1 . Regarding Definition 4.2, Theorem 4.1 also states
One has p-adically lim
By interpolating property the p-adic integer χ (p,l) provides a zero of the p-adic zeta function ζ p, l with ζ p, l χ (p,l) = 0. This zero is unique since the sequence (l n ) n≥1 is unique.
Remark 4.7 Let (p, l) ∈ Ψ irr 1 be an irregular pair with ∆ (p,l) = 0. The corresponding irregular pair (p, s 1 , . . . , s r ) ∈ Ψ irr r is a p-adic approximation of the existing zero χ (p,l) of the p-adic zeta function ζ p, l . For the first irregular primes 37, 59, and 67 elements of Ψ irr 100 were calculated in [Kel02, pp. 127-128]. These results are reprinted in Table  A .2. By Lemma 4.5 p 2 ∤ B l is equivalent to χ (p,l) is a unit in Z p .
For now, we will assume the ∆-Conjecture. Regarding d(x, y) = |x − y| p as a p-adic metric on Z p , we can consider the appearing prime powers p ν of ζ(1 − n) as a distance to the zero χ (p,l) of the corresponding p-adic zeta function ζ p, l .
Theorem 4.8 Let n be an even positive integer, then under the assumption of the ∆-Conjecture
Proof. The alternating sign is clearly. The first product describes the denominator of ζ(1 − n) which is given by properties (1.6) and (1.7). By definition the second product is a positive integer. As often used
with (p, l) ∈ Ψ irr 1 and l ≡ l r ≡ n (mod ϕ(p)) by applying maps λ ν for 1 ≤ ν < r. We also have by Definition 4.4
and equally by reduction
The last congruence is not valid (mod p r Z p ) by construction. Therefore
provides with an additional factor p the desired p-power in the second product. Considering all irregular primes p which can appear, the second product equals the numerator of ζ(1 − n) without sign.
With some technical definitions we can combine both products of the theorem above. This yields a more accessible representation of the Riemann zeta function by means of p-adic analysis.
Theorem 4.9 Let P be the set of primes. Then define Ψ 0 = Ψ irr 1 ∪ (P × {0}) and χ (p,0) = 0 for all p ∈ P. Define ρ(l) = 1 − 2 sign(l) = ±1 for l ≥ 0. Let n be an even positive integer, then under the assumption of the ∆-Conjecture
Proof. We only have to consider case l = 0. Then we have p − 1 | n, ρ(0) = 1, and |χ 
can be viewed as a pole of the p-adic zeta function like in the case of the Riemann zeta function. Thus, the denominator of ζ(1 − n) can be described by poles and, under the assumption of the ∆-Conjecture, the numerator by zeros of p-adic zeta functions measuring the distance |χ 
Thus, ∆ (p,l) can be seen as an invariant of the p-adic zeta function ζ p, l in the nonsingular case ∆ (p,l) = 0. We will prove this theorem later.
Corollary 4.11 Let (p, l) ∈ Ψ irr 1 be an irregular pair with ∆ (p,l) = 0. Then
Remark 4.12 Define | | ∞ as the standard norm on Q. Then, clearly
for positive even integers n. Since |p n| p |ζ(1 − n)| p = 1 for n ≡ 0 (mod p − 1) and
, and (p, l) ∈ Ψ irr 1 with ∆ (p,l) = 0, Corollary 4.11 essentially gives Theorem 4.9.
Definition 4.13 Let (p, l) ∈ Ψ irr 1 be an irregular pair with ∆ (p,l) = 0. Then define the p-adic zeta function of order n
which is related to the irregular pair of order n for s = 0.
Lemma 4.14 Let D be the difference operator, so that for any function f :
Suppose the following congruences
for all s ∈ Z p and r ≥ 1 , then one has the expansion
with z ν ∈ Z p which converges on Z p .
Proof. Clearly, we have D r (s m ) = 0 for 0 ≤ m < r and deg D r (s m ) = m − r for m ≥ r. By assumption the following is valid for any r ≥ 1
which yields
since the last congruence vanishes (mod p r−1 ). Therefore, the p r−1 -part has the form
with some a ν ∈ Z/pZ which are uniquely determined. Now, by induction on r, the coefficients a ν p-adically build z ν . Since |p ν−1 z ν | p → 0 the series converges on Z p .
Proposition 4.15 Let (p, l) ∈ Ψ irr 1 be an irregular pair with ∆ (p,l) = 0. Let n be a positive integer. Then
where χ (p,l) = s 2 + s 3 p + . . . . Furthermore, one has the expansion
Proof. In analogy to Theorem 2.5, we have to modify Theorem 2.4 in a similar way, extending to Z p . This shows that ζ p, l, n (s) satisfies Lemma 4.14 which provides the expansion above. Modifying Proposition 2.7 with Euler factor and changed sign, we have by Definition 4.13 and Theorem 3.1
This yields z 1 ≡ −∆ (p,l) (mod pZ p ). The rest follows again by Proposition 2.7
Corollary 4.16 Let (p, l) ∈ Ψ irr 1 be an irregular pair with ∆ (p,l) = 0. Let
be the expansion of ζ p, l, 1 , then
Consequently, Corollary 4.16 easily shows a way to verify either the coefficients z ν or the zero χ (p,l) in the case of a calculation of these values. Now, we are ready to prove Theorem 4.10.
Proof of Theorem 4.10. Let s, t ∈ Z p with s = t and let r = ord p (s − t). Then we have by Kummer congruences
Now, we have to show the converse and moreover
which implies the best possible value r by applying | | p . Define n = min {ord p ζ p, l (s), ord p ζ p, l (t)}. Furthermore, we have by Definition 4.13
We then have by (4.1)
with some c ∈ Z/pZ. On the other side, by Proposition 4.15 and
which shows that c = 0. Since p −n+1 (s − t) = s ′ − t ′ , this deduces (4.2). Now, taking any sequence (t ν ) ν≥1 with t ν = s for all ν ≥ 1 and lim ν→∞ t ν = s yields the derivation with ζ
Algorithms
Here we will give some algorithms for calculating irregular pairs of higher order assuming the nonsingular case ∆ (p,l) = 0. As a result of Theorem 3.1 and Theorem 4.1, one has to calculate ∆ (p,l) once, then the irregular pair of order n provides the following irregular pair of order n + 1. Of course, this is not practicable for higher orders say n > 3. Proposition 2.10 shows a more effective way to determine irregular pairs of higher order. Starting from an irregular pair (p, l) ∈ Ψ irr n we can obtain an irregular pair (p, l ′ ) ∈ Ψ irr rn requiring l > (r − 1)n with r ≥ 2. If the corresponding sequence (α j ) j≥0 is equidistant (mod p (r−1)n ), then one can easily apply this proposition. If not, one has to calculate successively all elements α j in order to find α s ≡ 0 (mod p (r−1)n ) which exists uniquely by assumption as we know. To abbreviate calculations, this search can be accomplished step by step, moving each time from sequences related to the irregular pair of order k to k + 1.
n be an irregular pair of order n with ∆ (p,l) = 0. Let r, u be positive integers with r > 1 and u = (r − 1)n. Assume l > u. Let the elements
be given. For each step k = 0, . . . , u − 1 proceed as follows:
The elements α j,k with j = 0, . . . , rp − 1 have to be calculated successively by
Then only the elements
have this property. In case k < u − 1 let
and go to next step k + 1, otherwise stop. Let (p, t 1 , . . . , t n ) ∈ Ψ irr n be the associated pair with (p, l), then (p, t 1 , . . . , t n , s 0 , . . . , s u−1 ) ∈ Ψ irr rn .
Proof. Clearly, Proposition 2.10 provides
All elements of the sequence (α j,0 ) j≥0 can be calculated successively induced by the first elements α j,0 with j = 0, . . . , r − 1. Using Theorem 2.5 with
whereat the sequence (α j+µp k ,0 ) µ≥0 can also be calculated successively. Note that now j is fixed and µ runs. The sequences (α j,k ) j≥0 which we will consider are subsequences of (α j,0 ) j≥0 in a suitable manner. Essentially, these sequences are given by (5.2). The existence of these sequences and that they correspond to the irregular pair of order n + k will be shown by induction on k while k = 0, . . . , u − 1 is valid. Let l n = l, then by Proposition 2.7 and Theorem 3.1 there exist certain integers s k and irregular pairs of higher order for k = 0, . . . , u − 1
Basis of induction k = 0: The sequence (α j,0 ) j≥0 is given by (5.1) and we have
Inductive step k → k + 1: Assume true for k prove for k + 1. The elements α j,k with j = 0, . . . , r − 1 are given and the following elements are calculated by
up to index j = rp − 1. Then Proposition 2.7 provides
In case k < u − 1, Lemma 2.6 additionally ensures that only α s k +jp,k ≡ 0 (mod p) for all j. Then we can define a new sequence
for j = 0, . . . , r − 1. By definition (p α j,k+1 ) j=0,...,r−1 is a subsequence of (α j,k ) j≥0 . Inductively (p k+1 α j,k+1 ) j=0,...,r−1 is a subsequence of (α j,0 ) j≥0 and satisfies (5.2) in a suitable manner and therefore also (5.3) considering case k + 1. On the other side congruence (5.5) shows that the new sequence also corresponds to the irregular pair of order n + k + 1.
Let (p, t 1 , . . . , t n ) ∈ Ψ irr n be the associated pair with (p, l). Congruence (5.4) provides the unique integer s k for each step going to the irregular pair of next order. Then (p, t 1 , . . . , t n , s 0 , . . . , s u−1 ) ∈ Ψ irr rn is the only irregular pair of order rn.
Remark 5.2 The previous proposition has unfortunately the restriction that for an irregular pair (p, l) ∈ Ψ irr n of order n and parameter r the following must hold l > (r − 1)n .
Regarding (691, 12) ∈ Ψ irr 1 then one could only calculate irregular pairs up to order 12. However, this restriction can be solved by shifting the index of the starting sequence (α j,0 ) j≥0 . Then shifting j → j + t yields l + t ϕ(p n ) > (r − 1)n in order to choose a greater value of r. In general, one has to pay attention in the following way. Moving from sequence (α j,k ) j≥0 to (α j,k+1 ) j≥0 one has to determine elements α j,k ≡ 0 (mod p). If one starts with a shifted sequence (α ′ j,k ) j≥0 = (α j,k ) j≥t having elements α j,k ≡ 0 (mod p) with 0 ≤ j < t, then the calculated sequence (α ′ j,k+1 ) j≥0 is also shifted in index related to (α j,k+1 ) j≥0 . This can be easily corrected by comparing sequences respectively the resulting integers s k with unshifted sequences calculated with lower r ′ < r. In this case determining the integer s k is better done by searching α j,k ≡ 0 (mod p) rather than calculating.
The main result can be stated as follows: irregular pairs of higher order can be determined with little effort by calculating a small number of divided Bernoulli numbers with small indices.
Proposition 5.3 Let n be an even positive integer, then
Proof. The trivial parts of the products are given by properties (1.6), (1.7), and sign. Thus p−1∤n p τ (p,n) remains. Regarding Definition 2.1 the function τ (p, n) is given by a simple counting argument and applying maps λ ν resp. Kummer congruences.
The previous proposition gives an unconditional representation of Bernoulli numbers by sets Ψ irr ν . Theorem 4.8 also gives a representation by zeros χ (p,l) assuming the ∆-Conjecture. Of course the problem of determining the occurring irregular prime factors remains open. On the other side, for example, if one has calculated the first irregular pairs of order 10 for the first irregular primes p 1 , . . . , p r like table A.3, then one can specify ad hoc all irregular prime powers p eν ν with p ν ≤ p r of B n resp. ζ(1 − n) up to index n = 4·10 15 . Note that this lower limit is defined by the first irregular prime 37 and order 10. 
and
Proof. Let n ≡ l (mod p − 1). The well-known formula of S n , see [IR90, Chapter 15] , is given by
whereas the equation is divided by n and p. Note that p ≥ 37 and l ≥ 12, because 37 is the first irregular prime and B 12 /12 is the first divided Bernoulli number having a numerator greater one. Now, properties (1.6) and (1.7) provide that B n /n and B n−2 are p-integral. For the other terms with B n−k = 0 it follows that p B n−k is p-integral and ord p (p k−1 /(k(k + 1))) ≥ 2 by a standard counting argument. Therefore, equation
(5.6) is p-integral and holds (mod p 2 ), then all other terms vanish. This yields the first congruence above. Regarding Definition 2.3 one has
Using the first congruence provides the second congruence by reducing a p-power and considering that l + p − 1 ≡ l − 1 ≡ 0 (mod p) is valid.
Regarding each line of table A.3, the product of the first three entries ∆ (p,l) , s 1 , and s 2 are connected with the function S n . Thus, one can easily verify these values.
Proposition 5.5 Let (p, l) ∈ Ψ irr 1 be an irregular pair with
2 be the corresponding irregular pair of order two with l = s 1 . Then
Proof. By Proposition 2.7 we have
Then by Proposition 5.4
which deduces the result since s 1 = l < p.
Now, we will give some reasons why a prediction or description of the occurrence of irregular prime factors of Bernoulli numbers seems to be impossible in general. For example, we have with an extremely small index n = 42
observing that the numerator is a big irregular prime! As mentioned in Section 3, Bernoulli numbers B n with index up to n = 152 have large irregular prime factors with 30 up to 100 digits. This is even now the greatest mystery of Bernoulli numbers!
The connection with the Riemann zeta function ζ(s) via (1.2) leads to methods of calculating Bernoulli numbers directly in an effectively fast way, see [Kel02, Section 2.7], noting that the main part of calculation can be done using only integers.
Let n be an even integer and |B n | = U n /V n with (U n , V n ) = 1 then (1.2) reads U n = τ n ζ(n) , τ n = 2V n n! (2π) n , V n = p−1|n p with V n given by (1.6). Since ζ(n) → 1 for n → ∞, τ n is a first approximation of the numerator U n . Regarding the decimal digit representation of U n and τ n , about n/3 digits of the most significant decimal digits of U n and τ n are equal, see [Kel02, Satz Equivalent conditions of Theorem 6.1:
(2') The ∆-Conjecture holds: ∆ (p,l) = 0 (3') A special irregular pair of order two does not exist: (p, l, l − 1) / ∈ Ψ irr 2 Now, the ∆-Conjecture with its consequences gives a significant reason to believe that condition (2) resp. (2') may hold in general. We still have to show that condition (3') is equivalent to condition (3). To prove this result, we first need some properties of the Teichmüller character ω. Since ω(a) = lim n→∞ a p n , the following lemma is derived easily. 
A Calculations

